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Abstract 

We prove the existence of the gravitating BPS monopole in Einstein- 
Yang-Mills-Higgs (EYMH) theory. Existence is established using a New- 
tonian perturbation argument which shows that a Yang-Mills-Higgs BPS 
monopole solution can be be continued analytically in powers of 1/c 2 to an 
EYMH solution. 



1 Introduction 

In this paper we rigorously prove the existence of the gravitating Bogomol'nyi- 
Prasad-Sommcrficld (BPS) monopole which has been constructed numerically in 
[4]. We prove existence by using a Newtonian perturbation argument to show 
that the flat space Yang-Mills-Higgs (YMH) BPS monopole solution [14] can be 
continued analytically to a Einstein- Yang-Mills-Higgs (EYMH) solution which we 
refer to as the gravitating BPS monopole. The Newtonian perturbation argument 
in the form that is employed in this paper was developed by Lottermoser in [13] and 
subsequently used by Heilig to establish the existence of slowly rotating stars [9]. 
For an elegant alternate presentation of the Newtonian perturbation formalism 
using different but equivalent variables see [3]. 

The results of Heilig and of this paper show that the Newtonian perturbation 
method is a powerful method for obtaining existence theorems in general relativity 
for static or stationary matter models. In addition to establishing existence, the 
method also provides an analytic deformation from a Newtonian solution to its 
general relativistic counterpart. The deformation parameter is 1/c 2 where c is the 
speed of light. So a Taylor expansion in 1/c 2 can be considered as a converging 
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post-Newtonian expansion. In this way, the Newtonian perturbation argument can 
be thought of as the inverse of the Newtonian limit where Newtonian solutions are 
obtained from general relativistic ones via the limit 1/c 2 — > 0. An attractive feature 
of the method is that it produces solutions to the Einstein field equations where 
the matter fields are uniformly close to their corresponding Newtonian solutions. 
This means that the properties of the Newtonian solution pass directly to the 
corresponding relativistic solution. 

In [11] it is shown how to formulate the Newtonian limit of the EYMH equa- 
tions. The limiting equations have the important property that the Newtonian 
potential and the YMH fields decouple. Moreover, the static equations coincide 
with the static YMH equations on Minkowski space. Since the BPS monopole is a 
static solution to the YMH equations on Minkowski space, it can be interpreted as 
a solution of the Newtonian YMH equations. Although we use a different formal- 
ism from [11], the results are the same. We find that in the limit as 1/c 2 — + 0, the 
YMH variables decouple from the Newtonian potential and also they satisfy the 
static YMH equations. This allows us to use the BPS monopole solution as the 
starting point for the perturbation argument. Also, the fact that the Newtonian 
potential decouples from the YMH variables in the limit 1 /c 2 — > helps to make 
the perturbation argument relatively simple. 

The paper is organized as follows: in section [5] we set up the field equations 
in a form suitable to use the Newtonian perturbation argument while in section 
[3] we review the theory of weighted Sobolev spaces which will be essential to our 
existence proof. The Banach spaces for our field variables (i.e. the Higgs field, 
gauge potential, and metric density) are set up in section |4] and then in section [6] 
the field equations are shown to be analytic on those spaces. Sections 08] contain 
the Newtonian perturbation argument. In these sections it is shown that BPS 
monopole solution can be continued analytically to a solution of the full EYMH 
equations. 



2 EYMH equations 

For indexing of tensors and related quantities Greek indices, a, (3, 7 etc., will always 
run from to 4 while Roman indices, i,j,k etc., will range from 1 to 3. Partial 
derivatives will be denoted both by d a u and u <a while covariant derivatives will 
be denoted by V Q . 

Let g denote the Minkowski metric on K 4 . Fix a global coordinate system 

o 

(x° , x 1 , x 2 , x 3 ) so that 

<? Q/3 = diag(-A-\ 1,1,1) A:=4 (2.1) 

o C 



2 



where c is the speed of light. Define g a @ by (g a ^) := (gap) 1 which gives 

o o o 

(?^ = diag(-A, 1,1,1). (2.2) 

O 

Define the Minkowski metric density 

g«P:=\g\ig°fi where \g\ := \det(g a0 )\ . (2.3) 

o o o o o 

Assume that g a p is another Lorentzian metric defined on R 4 . Let {g a/3 ) := 
(.gap) -1 and introduce the density 

& «P .-\g\hg°<f> where | 9 | := | det(g aP )\ . (2.4) 

Following Lottermoser [13], we form the tensor density 

H a/S :=T^r(fl a/J -fl a/J ) (2-5) 
which will be taken as our primary gravitational variable. Observe that the metric 
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can be recovered from il Q ^ by 



g°e = -^=g a(3 (2.6) 
where fl Q/3 = Q/3 + 4Aiil Q/3 and \g\ = | det(g a/3 )|. 

o 

The Einstein equations can be written in terms of the density (|2.5[) as [13], 

4ttG|c)|T q/3 = A a/3 + B afj + C afj + D af3 , (2.7) 

where 

V\Q a0 , (2.8) 

O 

v/Afl^ where ( W ) := (fl^)" 1 , (2.9) 

o o o 

VA Q/3 = g Q/3 + 4A 2 il Q/3 , (2.10) 

o 

V^flofl where ( 0Q/3 ) := (g^)" 1 , (2.11) 

5 := Adet(g a/3 ), (2.12) 

A " 3 := 2 (Ifl^p - Qp^ v ) (d aK 8 Pa ~ \Q a ^ a ) ^ V ^ p ,„ (2.13) 
B af3 := 4Ag KCT (2 fl T( Q il« CT , p il K ^ 7 - ig^il^il^p - 0T"il QK , 7 i^%) , (2.14) 

C"' 3 := 4A 2 (iX ap ,Jl" p tP - il aK lP ii Pt ' tK ) , (2.15) 

D a/3 . = q^^P ^ + g<*f>Ur tla , - 2il^ a ^ u f>, (2.16) 



9aP 
o 

r e 

&aP 
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and T a @ is the stress-energy tensor. As discussed in [9], any solution (\,ii a P , T a/3 ) 
of (|2.7p for A > is a solution of Einstein's equations displayed in units where 
c = l/\/A. Following [9], we choose harmonic coordinates 

V a V Q x /3 = , or equivalently iT% = , 

which allows us to write the full Einstein held equations as 

4irG\d\T afJ = E at3 , 

where 

E af3 := Q^ii a(3 ^ + 4A 2 (iP K il a ^ +11"%^,^ - W^",^®") 

+A af3 + B af3 + C a(3 . (2.19) 

The equations (|2.18[) will be called the reduced field equations. 

It is important to recognize that alone the reduced held equations (|2.18|) are 
not equivalent to the Einstein held equations (|2.7|) . However, it is shown in [9] §6 
that if V ' pT a P — and (|2.18j) can be solved and the stress-energy tensor T a " sat- 
isfies certain conditions then the harmonic condition (|2.17j) will be automatically 
satished. In this case, a solution to (|2.18p will actually be a solution to the full 
Einstein equation (|2.7p . 

We will let A — A a dx a denote the 5f/(2)-gauge potential and <& the Higgs 
field. The SU(2) Yang-Mills-Higgs equations are 

grDtD*$ = 0, 

where 

D£(-) :=V q (-) + K,.] 
is the gauge covariant derivative on gauge-scalars and 

F£ p := d a A p - dp A a + [A a ,Ap] 

is the gauge field. For later use we define 

D*(.) :=d a (-) + [A a ,.} 

o 

which is the gauge covariant derivative on Minkowski space. 
Multiplying ([2~20|) and ([2721]) by y^X\g\ we find that 

9 au (F a0 , v - T^F^p - T% v F ait + [A u , F a0 \) - Dp®} = , (2.25) 

Q af) (d a D <S> - T^Dfa + [A a , Dp*]) = , (2.26) 
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(2.17) 
(2.18) 



(2.20) 
(2.21) 

(2.22) 
(2.23) 

(2.24) 



where the Christoffel symbols are given by 

= Q^iZQpvBjr ~ 0/3 7 9o-r)il' TT , Al + 2A(g crT <5" /3 il " r !7 ) - 2Q rT ^ii aa i7) ) . (2.27) 
We note that since $ is a g- valued scalar, 

D£$ = d a $+[A a ,$] (2.28) 

does not involve the metric. 

The stress-energy tensor can be written as 

T aP = (g a ^ v {D^\D^) - y^g^(D^\D^)) + 

( g ^g^ g °T {F A lF A } _ y^u^ga^pAjpA^ (2 _ 2g) 

where (-|-) is an Ad-invariant positive definite inner-product on su(2). Using the 
YMH equations (|2T2T)]) - (j2T2"Tj) , it is straightforward to verify that any YMH solu- 
tion satisfies 

V p T al3 = (2.30) 

automatically irrespective of the metric. Consequently, it will be enough to solve 
the reduced field equations (f2~T8]) and the YMH equations ((2~20l) - (|2~2T|l to obtain 
a solution to the full EYMH field equations. 
Let 

T Q/3 := 47rG|5|r Q/3 (2.31) 

so that 

T af} = 4ttG (l a ^ v {D*$\D*$) - ^Q^iD^D^)) + 

X7,G (r^r T <^Ai F -> - W u r T rnF^\F„ A T )) . (2.32) 



3 Weighted Sobolev Spaces 

In this section we introduce two different types of weighted Sobolev spaces and 
prove a number of results that will be essential to our existence proof. The following 
subsets of 1" will be needed: Br(x) the open ball of radius R centered at a; € R™, 
Qr{x) the open n-cube centered at x with vertices defined by the boundary of 
Br(x), and the exterior domain Er(x) := W 1 \ Br{x). We will also repeatedly use 
the cutting function xr € Cq°(R™) which is defined as follows: let x S C°°[0, oo) 
be any function such that 

X|[o,i) = 1 > sup PX c[0,2), and Q<x<l. (3.1) 

Then for R > 0, xr 1S given by 

Xr(x):= X (\x\/R). (3.2) 
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3.1 Radially weighted Sobolev Spaces 

Let V denote a finite dimensional vector space with norm | • | . 

Definition 3.1. The radially weighted Lesbegue space L p (R n ,V), 1 < p < oo, 
with weight 5 £ R is the set of all measurable maps from R™ to V in L p oc (R", V) 
such that the norm 



\n\p.s 



f \u\ p a- 5p - n d n x J P ifp<oo 



esssup R „(cr |u|) ifp = oo, 



is finite. Here a(x) := \J\x\ 2 + 1. If V = R then we write L P (R") instead of 
L p s (W\V). 

Definition 3.2. The radially weighted Sobolev space W^' p (M n , V), 1 < p < oo, 
k £ No, with weight S £ R is the set 

W^' p (R",y) := {u£ L p (R n ,V)\d I u£ Lj_ m (R n ,V)/or oM / : |J| < fc} 

wii/i norm 

IMk P ,<5 := \\ dIu \\ P ,s-\i\ > 
|/|<fe 

w/iere J = (h, h, ■ ■ ■ , In) is a multi-index and d 1 := d^d^ 2 ■ ■ ■ d^ n . IfV = M then 
we will write W^' p (M n ) instead of W^ P (R™, V). 

We note that the set C X3 (R™, V) of smooth maps from R™ to V with compact 
support is dense in W^ p (R™, V). As above, if V = R then we write Cg° (R™) instead 
of C X5 (R n , V) 

Two easy consequences of these definitions are that differentiation 

dj : W^ P (R™, V) — » W^'^R™, V) : u i— » 0,-u (3.3) 
is a continuous map and that 

W£f (R", V) C w£ p (R n , V) for 5 2 < ft. (3.4) 
As with the Sobolev spaces, we can define weighted versions of the 
C%{R n , V) := C k (R n , V) n W k '°°(M. n , V) 
and C k ' a (W\ V) spaces. For a map u £ C°(R n , V) and 5 £ R, a > , let 

||u|| c o := sup |t7(x) _(5 u(a;)| 

5 £CGR" 



G 



and 



\cr--=Mc° + sup sup 



i£K»\ 4|a:-j/|<cr(x) F ~ 

Using these two norms we define the norms || • \\ C k and || • \\ c k, a in the usual way: 



and 

So then 
and 



\u\\ cl := J2 ll^llco_ m 
|/|<fc 



Hie*-- := Z n^iic^ 
i/i<fc 



Cj(R n , V) := { u G C fc (M™, V) | ||«|| c » < oo } 



C*' a (R™, 1/):={ M £ C fe (M™, V) | ||«|| c ».„ < oo } . 



Our main references for the radially weighted Sobolev spaces will be [1] and 
[5]. Contained in these articles are a number useful theorems including weighted 
versions of the Sobolev embedding theorems, the Rellich-Kondrachov theorem, 
and interior estimates for elliptic operators. Also contained in these papers in an 
analysis of the Laplace operator and its mapping properties between the radially 
weighted spaces. We will frequently require results from these papers and will refer 
the reader to the appropriate theorems. A result we would like to mention is the 
following improvement of lemma 2.5 of [5]. 

Lemma 3.3. If there exists a multiplication V\ x V2 — > V3 (u, v) 1— > u ■ v then for 
1 < p < 00 the corresponding multiplication 

W^' p (R n , Vi) x W^flET, V 2 ) - W^ P (R", V 3 ) : (u,v)~u-v 

is bilinear and continuous if fci, fc 2 > k 3 , k 3 < k\ + k 2 — n/p, and Si + <5 2 < ^3 • 

Proof. This can be proved using the weighted Sobolev and Holder inequalities 
from theorem 1.2 of [1] in exactly the same fashion as for the regular unweighted 
Sobolev spaces. Note that theorem 1.2 of [1] is missing the weighted version of the 
Sobolev inequality for kp = n. The same arguments in theorem 1.2 can be used to 
establish this case which reads: if u £ W$' p and n = kp, then < CH^Hp^a 

for p < q < 00. □ 

We also will need the following variation of proposition 1.6 of [1]. 

Proposition 3.4. Suppose 1 < p < 00 and 5 e M and f(x) is a continuous 
function that satisfies f(x) = 0(|x|~ 2 ) as \x\ — ► 00. Then there exists a constant 
C such that if u e L°g P and Au + fu E L° s f 2 then u G W$' p 

\W\\2,p,5 < C(||Au + /lt||o,p,«-2 + ||«||o,p,*) 
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Proof. This proof follows from the local elliptic estimates and scaling in exactly 
the same fashion as the proof of proposition 1.6 in [1]. □ 

3.2 Exponentially weighted Sobolev Spaces 

Definition 3.5. The exponentially weighted Lesbegue space C p (R n , V), 1 < p < 
oo, with weight p G R is the set of all measurable maps from R" to V in C p oc (R n , V) 
such that the norm 



i 

J \u(x)\ p e-^d n xY ifp<oo 



esssup R „(e ^ \u(x)\) ifp — oo, 

is finite. IfV = R then we write £ p {R n ) instead of£ p (R n ,V). 

Definition 3.6. The exponentially weighted Sobolev space W k ' p (R n , V), 1 < p < 
oo, k e No, with weight /i € R is the set 

W fe,P( R n V) :={ue C p (R n ,V) | d ! u e £ p (R n , V) for all I :\I\<k} 

with norm 

ll«fflfc,p,M := H^Ip-m • 
\i\<k 

IfV = R i/ien we wi// write W^ P (M") mstearf o/ W*' p (R n , V). 

We note that the C X) (R", V) is dense in W*' p (R n ,V). A straightforward con- 
sequence of the above definitions is that differentiation 

dj : W^' p (R n , V) — ► W£- 1,p (R n , V^) ; w i — > d 3 u (3.5) 

is a continuous map. Also note that W^ p (R n , V) = W fcj, (R™, V) while it follows 
from [1] theorem 1.2 (i) that W k s ' p (W\V) C W fc ' p (R",y) for (5 < -n/p. Conse- 
quently we have the inclusion 

W k s ' p (R n , V) C Wo' p (R", V) for (5 < -n/p. (3.6) 

It also follows directly from Holders inequality and the definitions of the radially 
and exponentially weighted spaces that 

W k ' p (R n , V) C W£' P (R", V) for all 5 e R provided p < 0. (3.7) 

As with the radially weighted case, we can also define the corresponding ex- 
ponential weighted C£(R", V) and C k > a (R n , V) spaces. For a map u e C°(R 3 , V) 
and 5 e R, a > , let 

||m|| c o := sup \e~^u(x)\ 
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and 

n n n n / -„\r\ \u(x) — u (y)\ \ 

\\u Lo,a := \\u U + sup I e sup — \^ . 

Using these two norms we define the norms || • \\ C k and || • \\ c k,a by 

\i\<k 

and 

IMIc*-- := W dIu Wc?r ■ 
\i\<k 

So then 

C*(R n ,V) ^{ueC k (R,V)\\\u\\ c , <oo} 

and 

C^ Q (R",U) := {«£ C k (R,V)\ \\u\\ c k,a < oo } . 

To prove weighted versions of the Sobolev inequalities from local inequalities, 
a covering argument is needed. Let {x a }aez™ be a sequence of points such that 

K" = IJ QrJ^) (3.8) 

and Qn(x a ) n QB.( x a') = for a 7^ a'. Then there exists a number iV independent 
of a such that the set 

{a' £Z n \B 2R (x a )nQ R (x a ,)^®} (3.9) 

has at most N elements. The key property we need is that for any a £ K there 
exists a constant C — C(a, R) independent of x £ R" such that 

C^e'^ < e ff l' y l < Ce a ^ \/y G B fi (a;) . (3.10) 

From this inequality it follows that there exists a constant C independent of x 
such that 

C-V^'KIU^s^o) < \\u\\ k ^, BR{x) < Ce-^\\u x \\ Kp , BRW (3.11) 

where 

u x {y) :=u(x + y). (3.12) 

Note that the constant only depends on fi,p, k and R. Equations (|3.8|) - (|3.12[) will 
allow us to turn local estimates into global ones. The next theorem generalizes 
the Holder and Sobolev inequalities to the exponentially weighted spaces and the 
proof closely follows that of theorem 1.2 of [1]. 
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Theorem 3.7. (i) If 1 < p < q < oo, H2 < [i\ and u £ then 

M p ,k <c\\u\\ q ^ 

and hence C C^. 
(ii) If 1 < p, q, r < oo, l = \ + ^,ueCf ll) ve C p 2 , and fi 3 = m + /i 2 then 

|||w|||r,/i3 < Mg.plMp./ia • 
(Hi) For any e > 0, there is a C(e) such that for all u € W^' p , 1 < p < oo, 

H1i,p,m < e|||'"|[2,p,/ J + C(e)\lu\l 0tPifl . 
(iv) If u £ W^' p and n — kp > then 

IHIg./x < C|u|||fe,p,p 

for p < q < npj(n — kp). 
(v) If u£ W*' p and n - kp = then 

H|g,M < C\\u\lk, P ^ 

for p < q < oo. 
(vi) Ifu£ W^' p and n - kp < then u £ C° and 

He° < C\\u\\ kiP>ll . 

Moreover \u(x)\ = o(e^ x \) as \x\ — > oo. 
(vii) Ifue W*> p , < a < k - n/p < 1, then u G C^ a and 

|«| c o- < cm*m ■ 

Proof. Parts (i) and (ii) follow from the definition and Holder's inequality. The 
proofs of (iii)-(vii) follow from the interpolation and Sobolev inequalities on -Bi(O) 
together with equations (|3 . 8[) - (|3 . 1 2|) . Wc will only prove (iv) and leave the remain- 
der to the reader. So assume that n — pk > 0, p < q < npj (n — kp), and u £ W^ :P . 
Then clearly u x £ W fe ' p (£?2(0)) and hence applying the standard Sobolev inequal- 
ity yields 

\\U x \\ q ,B 2 {iQ) < C\\Ux\\p,k;B 2 (0) = C\\ u \\p,k;B 2 (x) ■ 

The constant C above only depends on p, k, and the ball £?2(0). Using p. lip we 
get 

Hl<, lW 23 a (x) < C\\u\\p,k 4 r.B 2 (x) (3-13) 
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for a constant C independent of u and x. So 



H 9 ,„ < ( E 



^E M q pM(Xa) ) 

VaeZ" / 

where in deriving the last inequality we have used (J^ ■ fej) 1 ^ < tf) 1 ^ for 
6j > and t < s. Using the finite intersection property (|3.9p , there exists a 
constant K independent of u such that 

aGZ" 

To see this it is enough to show it for the norm ||| • | PiAt . From the finite interesction 
property we know that there exists a set of points {a; ai = x a ,x a2 , ■ ■ ■ ,Xa N } such 
that 

N 

B 2 (x a ) Cfiu[jQi( 

3=1 

where E 1 is a set of measure zero. So 

N 



and hence 

AT 



E Mp, w b 2 (x ) -EE/, , 

<7V E/ \u(x)\ p e- w ^d n x = N f \u(x)\ p e- fip Wd n x = Nl\u\l P>l 



Note in getting the second to last equality we use the fact that the set 

(J 



has measure zero. Equation (|3 . 1 5[) now follows immediately. Combining (|3.14[) and 
(pTTij)) proves (iii). □ 
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The first of the following two lemmas is the exponentially weighted version of 
the Rcllich-Kondrachov theorem and both lemmas can be proved by adapting the 
proof of lemma 2.1 in [5]. We only prove the second and leave the first to the 
reader. 

Lemma 3.8. For k\ > k 2 , /xi < fi2 an d 1 < p < oo the inclusion VV*J C V\c^ is 
compact. 

Lemma 3.9. Suppose v £ W 00 ^ 1 (M. n ) and the function 

£(R) ■— max sup \d v{x)\ 

0<\I\<hi xeER {0) 

satisfies lim^—^ £(i?) = 0. Then for k\ > k 2 and 1 < p < oo the map 

Wu 1 — > Wu 2 ' P ■ u 1 — ► vu 

is compact. 

Proof. Let {u n } £ W*' p be a sequence such that |itra|||fci,p,f* < 1. Then there exists 
a subsequence still denoted {u n } such that u n — > u weakly in W kl ' p for some 
u S W kl ' p with |||ii|||fci < 1. From theorem 13.71 (ii) we have that | t?w j(j fei < 
C|l u llfci,p,M f° r some C that depends only on Therefore the map 

L„ : — ► W* 1,p ; u^vu (3.16) 

is continuous and hence weakly continuous. So wu„ — > vu weakly in VV„ 1,P . By 
(|3.10p there exist a constant C R depending only on (i, p and ||X-R|lc fc i (-Br(O)) such 
that 

IIXflW n ||fc 1 ,p;B 3R (0) < Cfl|Wnlfci,p,/i ■ (3.17) 

But then 

\\XR vu n\\kup;B 2R (0) < C R \\L v \\ op 

by (I3.16|) . (|3.17[) . and |||un|lfei,j>,fj < lj where ||L„||op denotes the operator norm of 
L v The compactness of the embedding W kuP (B 2R (0)) -► W fe2 ' p (S 2 i ? (0)) (fci > fc 2 ) 
shows that there exist a subsequence {X-R wu ni} such that 

XRVU ni ^f R strongly in W k2 ' p (B 2R (0)) (3.18) 
for some f R in W fe2 ' p (i?2_R(0)). Since XR = 1 on B R (0) we must have that 

f R = vu OEB fl (0). (3.19) 
Setting cr = sup re[0 R] e~ ppr , we get 

luw-^nJl^^ < c R \\vu-vu nt \\ P 2 p . BR{Q) +K£(R) p \lu-u ni \l P k2iPifl . ER 
< c R }\vu - vu nt \\l 2 p . BR{0) + K£(R) p \lu - u ni f kl ,p,^ 
< CR \\vu-vu n ^ k2p . BR{0) +2 p KZ(R) P 
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where K is a constant independent of R and in getting the last inequality we used 
l^nlfcijP.At) IIMIfci,p,M — 1- For fixed e > we can choose R large enough so that 

2 P K£(R) P < e — . 

With R fixed, we get by ([3~T8]) and ([3~T9]) that there exists an M > such that 

e p 

c R \\vu - vu ni \\l 2 p . BR(0) < — for i > M . 

Therefore \jvu — vu ni \lk 2 ,p,n < e f° r * > M and hence vu Ui converges to vu in 
W^ 2 ' p . This proves that the map L v (u) — uv is compact. □ 

The exponentially weighted Sobolev and Holder inequalities can also be used 
to prove a multiplication lemma as in the radially weighted case (see lemma [3~3)l . 

Lemma 3.10. If there exists a multiplication V± x V% — > V3 (u,v) i— > u ■ v then for 
1 < p < 00 the corresponding multiplication 

W£' p (M",Vi)x W*l' p (R n ,V 2 )^W*l' p (R n ,V 3 ) : (u,v)^u-v 

is bilinear and continuous if ki,k% > k%, k% < k\ + hi — h/|>, and fii + fJ-2 < A*3 • 

As with the local Sobolev inequaltites, local estimates for elliptic operators can 
be extended to global ones on the exponentially weighted spaces. 

Proposition 3.11. Let 1 < p < 00, and P be the elliptic operator defined by 
Pu = a lj dfju + b i (x)d l u + c(x)u 

where b l , c G L°°(R n ) and there exists constants A>0, 0<a<l such that a lJ <E 
Cg'" (IT) and A|£| 2 < a ij {x%^ < A _1 |^| 2 for all for allx,£e M n . Then P defines 
a continuous map from W^ p — * W" ,p . Moreover, if u € W° ,p and Pu £ W^' p then 
u e W 2 ' p and there exists a constant C — C(n,p,X, ||a y \\ c o,a , ||6 l ||oo, ||c||oo) suc/i 

< C(\\Pu\l 

Proof. If u € and Pu e W°' p , then elliptic regularity shows that u G W£'£. 

The proof then follows from the local elliptic estimates (see [8], theorem 9.11) and 
the covering argument. □ 

In the analysis of elliptic operators on the radially weighted spaces the Lapla- 
cian A played a fundamental role. The corresponding fundamental elliptic operator 
on the exponentially weighted spaces is 

— A + k 2 where k > is a constant. (3.20) 
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With our applications in mind, we will restrict ourselves to n — 3 for the remainder 
of this section. The operator (|3.20|) has a Green's function G K (x, y) which for n = 3 
is 

G K (x,y) = G K (x-y) = ]- e ] (3.21) 
Air \x — y\ 

and is known as the Yukawa potential. It satisfies the distributional identity 

(-A x + K 2 )G K {x,y) =8{x-y) in V'(R 3 ) . (3.22) 

The invertibility of the operator (|3.20p can be established from an estimate for the 
Green's function combined with the weighted elliptic estimates in a similar fashion 
as for the Laplacian [1] . 

Theorem 3.12. If k — \fj,\ > 0, 1 < p < oo, and s is a non-negative integer then 
the operator 

- A + k 2 : W 2 + S ' p — ► W s / (3.23) 
is an isomorphism with the inverse given by 

(-A + n 2 y l u{x) = -L / e -^-^u{y)dy . (3.24) 
4tt J r3 \x - y\ 

Proof. It suffices to prove the theorem for s — 0. Let G K be the operator defined 

by 

G K (u)(x):= [ G K {x-y)u(y)dy. (3.25) 



Lemma 3.13. If p >1,k— \fJ,\ > and u € C^, then 

ll|G,»IIL„ < CM™ 

for a constant C independent of u. 

Proof. For all p, € M and x, y E M 3 it holds that /i\y\ — < \x — y\ and hence 

e ti\y\-ti\x\ < g|/i||a:-y| _ 

Using this and the definition of the Green's function (|3.21[) . we see that for two 
non-negative functions u, v 

< u(x)e-»WG K (x - y)e»\y\v(y) < u(x)G K _ M (x - y)v(y) . 

Integrating gives 

u(x)e^ fJ -^G K {x - y)e fJ -^v(y)dxdy 

■ I I u(x)G K ^\ ll \(x - y)v(y)dxdy . (3.26) 
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Noting that G K _u\ G L 1 (R 3 ) for n— \fi\ > 0, Young's inequality (see [12], theorem 
4.2) applied to (pT2"6)) yields 

^(^e-^^'G^^ - y) e ^l y ^(y)dxdy < C|| || G K _ , M | || 1 1| (3.27) 



where - + X = 1, p > 1. Setting 



pjp 



dx) <C||G K _ H ||x|H| p . (3.28) 



u{x) = (Je-^G K (x-y)e> l ^v{y)dy 

in (|3~27f yields 

( f [ e-^G K (x-y)e^v(y)dy 
Vint 3 JR 3 

Finally, setting u(y) = e~^w(y) in (|3.28|) shows that 

IGreMlIp^ < C , ||G K _| A1 |||i|w;|p iA( . 

So far our above choices amount to assuming that w > 0. However, it is clear that 
the above inequality extends to all w G C^. □ 

The distributional identity (|3 . 22[) shows that G K (Au — k 2 u) = —u for all u G 
Cg°(R 3 ), and hence 

IHkp,^ < C|||Att - k 2 u\Io, p ^ for all u S W°' p 

by lemma I3T31 and the density of CJf (R 3 ) in W°' p . Applying proposition ([3~TT]l 
to the above inequality then yields 

\M\ 2 ,k,P < C \i Au ~ k2u \Iq^ f or all u G (3.29) 

Since -A+k 2 : W 2 ' p -> W°' p is bounded, it follows easily from (|3~29| that -A+k 2 
has closed range and a trivial kernel. The distributional identity (|3 . 22[1 implies that 
(-A + n 2 )G K {u) = u for all u G C^°(R 3 ). But by lemma 2.1 G K {u) G and 
hence G K (u) G W 2 ' p by proposition 13. Ill Therefore — A + n 2 is surjective. □ 

4 Static spherically symmetric fields 

We assume that all the fields are static and that 8q is a timelike hypersurface 
orthogonal killing vector field for the metric. Therefore 

d ii alB = , d Q A a = , d $ = and ii j0 = U 03 = . 
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Since il"^ 3 is symmetric, i.e. it"' 3 = if 3 ", we define the following subspace of the 4 
by 4 matrices 

§ := { X = {X afi ) e M 4x4 | X af3 = X f3a and X^ J = } . 

Then letting it = (IX"' 3 ), it takes values in S. 

In addition to being static, we will also assume that our fields are spherically 
symmetric. To define what we mean by spherical symmetry we first need to specify 
an action of 50(3) on spacetime R 4 . We want 50(3) to act on the hypersurfaces 
orthogonal to the timclikc Killing vector field do. So using the matrix representa- 
tion of 50(3) given by 

50(3) = M 3x3 | a* = a' 1 and det(a) = 1 } 

we define a 50(3) action on spacetime by 

p : 50(3) xK 4 ^K 4 : (a, (x° , x)) -» <S> a (x°, x) := (x°, ax) 

where we are treating x as a column vector and ax denotes matrix multiplication. 
We then get the induced action on functions via pullbacks. Lifting the 50(3) 
action on spacetime to the tensor bundle, we get the following action on the static 
metric densities 

p a (il)(x) := mictx))^ 

where 

'1 0^ 
>0 a . 



a := 



This allows us to define the set of static smooth 50 (3)-invariant metric densities 
by 

H§° :={ile Cg°(K 3 ,§)|it = / 9 a itfor all a G 50(3) } . 
Completing in the Wg' p norm yields 

U\- v :=Uf C W^ P (K 3 ,§). (4.1) 

Proposition 4.1. For — 1 < J < 0, 1 < p < oo and k e No the Laplacian 
A : Ug +2 ' p — > U$f 2 is an isomorphism. 

Proof. From proposition 2.2 of [1] we have that A : w£' p (R 3 ,§) -> W^Zl' P {^ 3 ,S) 
is an isomorphism for 1 < p < oo, — 1 < 5 < 0. A straightforward calculation 
shows that A(Uq^) C Uq^. Similarly, using the formula 



(A-^)(x) =1 / ^y±d\ 



it is not difficult to verify that if it e then /9 a (A _1 il) = A _1 it for all a e 50(3). 
But is dense in and hence the proof follows. □ 
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Let Cg°(R 3 ) denote the set of smooth S'0(3)-invariant functions with compact 
support, i.e. 

Cg°(M 3 ) := { (f> g C^(K 3 ) \4> = pZ4> for all a g 50(3) } . 

In other words, Cg°(R 3 ) is the set of radial functions on M 3 . We then define the 
space of static spherically symmetric Higgs fields with compact support by 

H °° := {ftx^Tj | G C °°(M 3 ) } (4.2) 

where 

oA i/o -A i A o 



Tl 27 ^1 Oj ' T2 2i V* ) ' T3 2« V° -1 

is a basis for su(2). We will choose the normalization of the Ad- invariant inner- 
product (-|-) so that 

info) = % • 

Completing Wg° in the W*' P (R 3 , su(2)) norm gives 

ft£' p :=Wf C W*' p (R 3 ,su(2)). 

Proposition 4.2. Suppose / <G C°°([0,oo)) satisfies 1 — /(r) = 0(r 2 ) as r — ► 0, 
/(r) = 0(r _r ') as r — > oo /or some 77 > 0, and / > 0. T/ien /or 1 < p < 00, 
— 1 < 5 < 0, and k e No i/ie operator 

is an isomorphism. 

Proof. Without loss of generality we can assume that k = 0. We first show that 
the operator 

P:=A + 2M- 2 (1-/(M)) (4.3) 

has a finite dimensional kernel and closed range on the space of static spherically 
symmetric Higgs fields. 

Lemma 4.3. For — 1 < S < 0, 1 < p < 00 the operator P defines a continuous 
map from H.f p — * "Hs-2 ^at has closed range and a finite dimensional kernel. 

Proof. Directly from the definition of the weighted spaces it is easy to see that P 
defines a continuous map from W^' p (R 3 ,su(2)) to W°^ 2 (R 3 , su(2)). A calculation 

shows that P(H^ 3 ) C H^ 3 and hence P defines a continuous map from H g ' p — > 
n s-2- 

Suppose <f> g 7Yg°. Then split $ as $ = <J> + <I>oc where $ = X2® and 
$oo = (1 - X2)$- Since $(x) = 4>{x)x°Tj for some <j> £ Cg° 
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where ^(x) := |a;|(l - X i{x))<t>{x) & Cg°(R 3 ). 

Straightforward calculation verifies that for |x| > 0, |$oo| 2 = |0ocd| 2 , |3$oo| 2 = 
|50 oo | 2 + 2|x|- 2 |0 oo | 2 and Id 2 ^ 2 = | | 2 + 8 1^| 2 ~ Ic*^ | 2 + 6 1^| " 4 1 ^ | 2 . Using 
this and supp |(/>|,supp |$| c£i(0) it follows that there exists a C independent of 
4> and $ such that 

||$oc||2, P ,a <C||^ 0O || 2 ,p,i. (4.4) 
A short calculation shows that 

PQ^x) = (A4>oo(x) - ^M</>oo(x)) ^T k . (4.5) 
V \x\* / I a; I 

Thus if we define 

_ A 2(1 - X iMx))f(\x\) 
W |x| 2 

then P$ oc (x) = Q(t)oo(x)j^T k since supp^l C E . So (P^^)! = \Q<t>oo{x)\ 
and hence 

||-P$ao||o,p,<5-2 = ||Q</»oo||o,p,«-2 ■ (4.6) 

In the terminology of [1], the operator Q is asymptotic to A. Therefore by [1] 
theorem 1.10 we have the estimate 

|| ^oc || 2,p, 

for some P > 0. Since ||0oo||p;B R (o) = ||^oo||p ; s n (o)i we get the following estimate 
from 1441), (|4~6]l . and (@~7|) 

||$oo||a,p,« < C(||P$ oo || ^5- 2 + ||$oo||p;B s (0)) ■ ( 4 -8) 

Once we have this scale broken estimate we can proceed as in the proof of theorem 
1.10 of [1] to conclude that P has closed range and a finite dimensional kernel. □ 

With respect to the pairing = J (^f\^)d 3 x the operator has a for- 

mal adjoint P* = P. Since W^°1 P 2 (JR 3 , su(2))* = W°f'_ s (R 3 , su(2)) where p' = 
p/{p — 1), it follows from proposition 13.41 and proposition 1.14 of [1] that kerP* C 
W_f_ s (M. 3 , su(2)). Therefore by the above lemma 

dimcokerPL, 2 ,p= dimkerPL,2, P < oo. (4-9) 
Lemma 4.4. For any 6 < 0, 1 < p < oo, kerP|„, 2 ,p = {0} . 

Proof. Suppose ^ € Ti.f p satisfies P^ = 0. Then by elliptic regularity (see [8] 
theorem 9.19 or [7] theorem 3.6), P* = implies that * <E C°°(R 3 ,su(2)). So 
there exists a function ip(r) £ C°°([0,oo)) such that 

x 3 

^(x) — ip(\x\)yiTj and ip{r) = cr + 0(r 3 ) as r — > . 
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It follows from the equality = |r/;(|a:|)| and theorems 1.2 of [1] that ip(x) = 

o(\x\ s ), ditp(x) = odxl 4-1 ), and did 3 ip{x) = o(\x\ 5 - 2 ) as \x\ -> oo. Now = 
implies that (see (|4.5p) Aip(x) — \x\~ 2 2f(\x\)ip(x) = 0. Multiplying by ip(x) yields 
ipAtjj — 2f(\x\)\x\~ 2 ip 2 = which by the fall off conditions for ?/> near |x| = and 
| a; | = oo is integrable. Integrating yields 

^d 3 x - [ ^Mt^tfx = . 



Integrating by parts which is again valid by the fall off conditions conditions then 
gives 

/ \dip\ 2 d*x+ ( 2 JM-^x = Q. 
Thus / > implies that ifi = and hence * = 0. □ 



The proof now follows from (J4T9J) and lemmas 14.31 and 14.41 which imply that 
dimcokerPL,2, P = dimkerPL,2, P = 0. □ 

In addition to being spherically symmetric, we will assume that our gauge 
potential is purely magnetic. Choosing an appropriate gauge, the gauge potential 
can then be written as [2] 

Ao = and Ai(x) :— a(\x\)e^ \x k Tj . 

If we write the gauge potential Ai as a 3-tuple A = {A\, A2, A3) then the gauge 
potential A takes values in the space su(2) 3 which carries a norm 

\A\ 2 :=£<^|4>. 

i=l 

We define the set of smooth static spherically symmetric purely magnetic gauge 
potentials with compact support by 

:= {A : R 3 -> su(2) 3 | Ai(x) = a{x)e t ] k x k T j for some a £ Cg°(M 3 ) } . 

Completing this in the W^ p (K 3 ,su(2) 3 ) gives 

A k / = Af c W*' p (R 3 ,su(2) 3 ) . 

Notice that every A £ A^ satisfies 

3 

divA:=^A-=0, 
3=1 

which implies by the continuity of differentiation (see (|3.5p ) that 

divA^O for all A G .A£' p . (4.10) 
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This shows that the static spherically symmetric gauge potentials satisfy the 
Coulomb gauge condition globally on R 3 . As is well known, this is a very special 
situation and is one of the reasons that makes the static spherically symmetric 
Yang-Mills equations easy to analyze. 

Proposition 4.5. For n — |/x| > 0, k € No and 1 < p < oo, the operator A — k 2 : 

Proof. Follows from directly from theorem 13.121 using the same arguments as in 
the proof of proposition |4"7T1 □ 



5 The modified Yang-Mills equation 

Instead of solving the Yang-Mills equation (|2 . 25[) we will instead solve a related 
system of equations whose solutions will also be solutions to (|2.25|) . The reason for 
this modification is to make the Yang-Mills equation differentiable on the spheri- 
cally symmetric function spaces introduced in section 2J 

We begin by splitting the YM potential and the Higgs fields. Let 

Y = Yjdx j = Xl{ ?\~ 1 e i j k x k r j , Q= — ^^ aPr, . (5.1) 

and 

A = Y + Z, $ = ft + * 

where Z € A k ^ p and \& € TL k ' p will be considered as the unknowns. Assume for the 
moment that Z and ^ are C 1 and spherically symmetric. Then we can write 

Zj = z{r)ti J ' kX Tj and '5 = i[)(r)x J Tj 

and a short calculation shows that [$, Do<£>] = and 

[$,A*] = ^—^ 1 + ^)\xi+r 2 z)e i j k x k T j = \n + ^\ 2 (^LeJ k x k T 1 + Z>) . 
Thus for C 1 static spherically symmetric fields we have the identity 

[*,£>„*] = (1 - %)(xi[*,D a $] + (1 - Xi)m 2 (^WkX k T 3 + £Z,)) . (5.2) 
This motivates us to consider the following modified Yang-Mills equation 

r v ({l-Xz)D Y a F^ + DiF*) 
-(1 - $)( Xl [S, + (1 - Xl )\il + ^\ 2 {^6^ \x k T 3 + Zp)) =0 (5.3) 

where A = Y + Z and $ = * + ft. Observe that if the term (1 - X3)D Y F^ 
vanished then this equation would be the same as equation (|2.25[) modified by the 
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identity (|5.2[) and written in term of the new variables Z and \& . We shall see later 
that for static spherically symmetric solutions the (1 — Xz)D*F^p does vanish. 
This will show that solutions to (|5.3[) will be solutions to (|2.25[) . Our assumption 
that the fields are static and spherically symmetric imply that F^ = 0, F Y = 
and Tf = and hence equation (|5.3[) will be satisfied automatically for (3 = 0. 
Therefore we need only solve 



In terms of the new variables Z and \& the Higgs equations (|2.26[) becomes 



g a " (d a Dj 3 n - K P D Y a n + [Y a , dJq] + d a D Y v - r^D?* + [Y a , d y *}+ 
d a [z p , n + *] - T° af} \z a , n + *] + [Y a , [z p , n + *]]+ 



6 Analyticity of the field equations 

In this section we establish that the reduced field equations (12. 18)1 and the modified 
YMH equations (|5.4|) - (|5.5|1 define analytic maps. For a definition of analytic maps 
between Banach spaces see [6] definition 15.1. As is standard we will use C w to 
denote the class of analytic maps. To establish analyticity we will repeatedly use 
the following: continuous linear and bilinear maps between Banach spaces are 
analytic, and the composition of two analytic maps is again analytic. Also useful 
is proposition 3.6 of [9] which shows how analytic functions on K can be used to 
define analytic maps on Banach algebras. 

To begin we first fix some notation. If V is a Banach space with norm || • || then 
we define By{x;R) to be the ball of radius R centered at x € V. We recall the 
following results from [9] which are fundamental in establishing analyticity. 

Proposition 6.1. [Proposition 3.10, [9]] Suppose 3/2 < p < oo and — 1 < S < 0. 

Then for any R > there exists a A > such that the following maps are of class 



(xi[$, DM + (1 - Xi)\*\ i (*iejkX k T j = 0. 



(5.4) 




(5.5) 



(-A, A) x B 



W^ P (R 3 ,S) 



(0;JJ)-> W\ 



t P (M 3 ,S) : (A, 51) h-> (g a/3 — g Q/3 ) 



O 



(-A,A)x J B w ,, J)(R 3, s) (0; J R)^ W\ 



(K 3 ,§) : (A,lt)^ (Qap-Qa/3) 



o 



and 



(- A, A) x £ 



W^' P (R3,S) 



(0;iZ)- W t 



f p (R 3 ) : (A,U)^|0| 9/2 -l 
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for q = —3, —2, — 1, 1, 2. Moreover, the following expansions are valid 
\V\-1= -4AH 00 + 0(A 2 ) , VO - 1 = -2Ail 00 + 0(X 2 ) , 



- 1 = 2AU 00 + O(X') , (fl Q/3 - & a0 ) = -4A(^)il uu + O(A') 



O rO\ (( 00 



Proposition 6.2. [Proposition 6.2, [9]] Suppose p > 3 and — 1 < 5 < 0. TTien for 
any R > i/iere exists a A > suc/i £/iai i/ie Christofel symbols 

Tfa : (-A.A) x S^, P(R3 s) (0;i?) - W^M 3 ) 

are o/ class for all ot,j3, 7 = 0,1,2,3. Moreover, the following expansion is 
valid 



^ 7 = r| 7 | A=0 + o(A) 



where 



i /37lA=0 



H°% = 7 = and a ^ 







It is important to note that 
(fl a/3 ) 



otherwise 



/-A 0\ 

10 

10 

\ 1/ 



(6.1) 



so that 



(9 



a(3\ 



(6.2) 



/o 0\ 
I 10 

„ Ia=o~ 10 
\0 1/ 

Using the above propositions and the results from section [3] we can establish that 
the stress-energy tensor defines an analytic map. 

Proposition 6.3. Suppose p > 3, — 1 < 5 < and // < 0. Then for any R > 
there exists a A > smc/i £/ia£ 



T : (—A, A) x B U 2, P (0;R) x ft 2 ' p x .A 2 / — > W^ 2 (R 3 ,§) : (A,tf,¥,Z) 
and 

T : (—A, A) x B U 2, P (0;R) x x — > wJ^ 2 (R 3 ,S) : (A,U,$,Z) 
are 0/ c/ass . Moreover, the following expansion is valid 

T 0a = T a0 = O(A) and T i] = A-xGT ij Z) + O(A) 



(T 
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where 

T* j {^,Z) = (s ik 5 jl (Dfa\Df$>) - U^8 kl {DM\DM 

o V o o A o o 

and A = Y + Z and $ = O + 

Proof. Letting A = Y + Z, we can write 

F af3 = F If3 + F af3 + [ Y a,Zfj] + [Z a ,Yp] 

where 



, Fl 



,-fci 



x k x l 



n 



and (•)' = Jp(-)- Since -1 < S < 0, we get from ([Q]) that 
From the definition of Y it is clear that 

Y e A°iT ■ 



(6.3) 
(6.4) 

(6.5) 
(6.6) 



Then since \x < and p > 3, it follows from the inclusion (|3.7[) . the multiplication 
lemma [3~3l the weighted Holder inequality (theorem 1.2 (ii), [1]), and equations 
(j6~3)) . (|631) . (EU) that the map 



W 



5-1 



i 7, is analytic. 



(6.7) 



Also note that for * G W fe ' p , (JED) implies via the weighted Holder inequality 
(theorem 1.2 (ii), [1]) that [F Q ,*] € W 2 s 'l v There for the map 



Di :W^(R 3 ,su(2)) 



W 



*^d a * + [Y a ,V] 



is continuous. A short calculation shows that 



Xi(r) (1-XiW). 



l-Xi(r) 



(6.8) 

(6.9) 
(6.10) 



and 



Again, because \x < and p > 3, the inclusion (|3.7p . the multiplication lemma 
and (JSU), (EH), (|6~T0| . (jBTTT]) imply that 



(6.11) 



W^(M 3 , S u(2)) x ^ W^K 3 ) : (%Z) 



(6.12) 



is analytic. The analyticity of the maps now follows from lemma [3~3l proposition 
l6~Tl (IQl . and (|6T2l) '. □ 
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Letting 



1 




(6.13) 
(6.14) 



3 



2 



'i = a "(x3 - mlF^ + D*f£) - ( Xl [4>, Dj*]+ 



(6.15) 



and 



5 — (l^, 2^, 3^.)— ((i^ Q/3 ), 2S, (3^)) • 



(6.16) 



we collect our field equations (|2.18p . (|5.4j) . and (|5.5p into a single expression 



~:(-A,A)xB ufP (0-,R)xH 2 s ' p xA 2 *-*X : (A,il, Z) .— » ((xS^), 2 H, ( 3 H 3 -)) 



iB " = AU° Q + 0(A) , 

iH« = AiF - (f^dfciPdzil 00 + i(5 l ^ fci 5 fc il 00 aiil 00 - AttGTv + 0(A) , 
2 5 = 6 ij DfDf$ + 0(A) , 

3 S, = 5 kl DjF£ - ( Xl [<&, + (1 - Xl )l$| 2 gh J '^S + ^)) + 0(A) . 
wftere A = y + Z and <f> = + 



Proof. This proposition can be proved in a similar manner to the proof of propo- 
sition [6J3] by using the inclusions (|3.4[) . (|3.6|) , and (|3.7p . the two multiplication 
lemmas [3.31 and \3 . 1 Oi theorem 13.71 and [1] theorem 1.2, and propositions 16. 1[ 16.21 
and 16.31 Note that that formulas used in the proof of proposition 16.31 are also 
useful. 

The expansion in A can be inferred from (|6.ip and (|6.2p . the expansions in 
propositions 16. 11 I6T21 and 16.31 and 



5 = 0. 



(6.17) 



Proposition 6.4. Suppose p > 3, — 1 < 6 < S/p and fi < and 



X = W° S ^ 2 (R 3 ,§) x M^ 2 (R 3 ,su(2)) x W°' p (R 3 ,su(2) 3 ). 



Then for any R > there exists a A > such that 



is of class (y . Moreover the following expansions are valid 



(1 - Xs)3 av DlF^ 



J A=0 



(l- X 3)5 jk DjF%=0. 

n J 
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The last equality can be seen from 

P k DjFldx l = (x" - (X '~ 1)X1 ) (- sin^n + caa<f>n)d9 

+ (x? - ^~ 2 ^ Xl ) ( T 3 ~ cot ^( sin ^ T 2 + cos <t> Ti))d4> 

where (•)' = !:(•)• □ 

Proposition 6.5. Suppose p > 3, — 1 < 6 < — 3/p and [i < 0. Then for any R > 
£/iere exists a A > suc/i t/ia£ 

5 : (- A, A) x B u? „ (0; i?) x x A 2 / — > Z<°* x x 
: (A,il,*,Z).— »((iS°* J ), 22,(32,)) 

is o/ c/ass C 1 . 

Proof. For fixed i? let A be as given by proposition 16.41 Then it can be shown 
by straightforward calculation that A e (-A,A), 11 S n B U 2, P (0;R), * e 
Wg° rYH^, and Z G n^P implies that 5(A,H, *, Z) e x H°° x A 00 . The 
result now follows from the continuity of the map 5 (see proposition 16. 4|) and the 
density of , Hg° , and A^ . □ 



7 Solving the reduced/modified EYMH equations 

We now employ the same method as in [9] to find solutions to the reduced/modified 
EYMH equations. Namely, we first solve the reduced equations for A = and then 
use the implicit function theorem to show that there exists a solution for small A. 



7.1 A = 

Fix R > 0, assume p > 3, — 1 < S < — p/3, fi > 0, and let A > be as in 
proposition 16. 51 Then the expansion from proposition 16.41 shows that 

5(0,11, = 

if and only if 

Ail 0a = 0, (7.1) 

AH iJ = s ik 8 jl dkli 00 diil 00 - U»5 kl d k ii 00 diii m + A-kGT* Z) , (7.2) 

A O 

S ij DfDf$ = 0, (7.3) 

O o J 

8 kl DiF£ - (xi[*,D? *] + (!- XiM'^Jk^Tj + Zi)) , (7.4) 
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where A = Y + Z and $ = fl + Equations (|T. ![) - (|7.4[) can be regarded as the 
Newtonian YMH equations with il 00 playing the role of the Newtonian potential. 
The BPS monopole solution to the Yang-Mills-Higgs equation is 

A b = yLziej^Tj and $ fc = ^-x j Tj (7.5) 

where 

r 1 

w ( r ) = ■ an d 4>( r ) = coth(r) . (7-6) 

smh(r) r 

From this we define 

Z b := A" - Y = EZK^Jrji , & := & - = ^^^V r, , (7.7) 

and also observe that 

Z b G A k / and * b G HY for 1 < p < oo, fc G N and 5, /i > -1. 
It can be checked that (\E ,f, ; Z b ) solve equations (|7.3[) and (17.4)) . Then using lemma 

ilg Q :=0, % 3 := A _1 T ij '(^ 6 , Z b ) (7.8) 
solve the remaining equations (|7.1[) and (|7.2[) . 

7.2 A > 

To use the implicit function theorem, we first need to establish that the derivative 
of the map 

So(it,*,Z):=S(0,H,*,Z) 
evaluated at (its, Z ) is an isomorphism. 

Proposition 7.1. Suppose p > 6, — 1 < 5 < — 3/p and — 1 < /i < 0. T/ien i/ie 
linear map 

DH (il fe , : x x A 2 / — > 11°* x x A * 

is an isomorphism. 

Proof. For 8^> € a short calculation shows that 

(in — 1 "l 2 (i/j — 1 1 

S ij [Al [A$,5*]] = -2 K ^ ' 5V and &[A\, d^} = -2 l ' 5V . 

This and (|4TT0|) shows that 

5 ij DfDfsy = A<5* - 2 w2 ^ T \~ 1 5V for all ^eH^. 
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But since Hg° x _4§° is dense in Hl p x A 2 ' p , the continuity of the maps 5 ij Df Df : 

^ O O 

n 2, P _^ n o,p^ ^ ee (jeTgj) and A _ 2r - 2 (w 2 (r) - 1) : H% v -> H° s f 2 (see proposition 
P~2"|> ) implies that 

S'WfDfs^ = AS^ - 2 w2 ^' 1 # for all e H?' p . (7.9) 

o o T 

Using this and (|4.10[) , the derivative of So at (it 6 , \I/ b , Z b ) can be written as 

/A 

b ryb\ 









N 












A-ly 


h J 2 \ 






K 12 


II 




K 2 i K 22 ) 




\5z) 




DE{0,^°,Z 



(7.10) 

\0 if 21 K 22 J \8Z) 
where 

Jiftf^ = 25 ik S jl (Df $ b \Df6V) - ^^(^VlD^*) , (7.11) 

OO OO 

J 2 (SZ)» = (Df$ b \[5Z h $ b ]) -S^S kl (Df^ b \[SZ l ,<^ b }) + 

o o 

2(F£ l \SF ln ) - \5 kl 6™8v (F£\SF ln ) , (7.12) 
K 12 (5Z) = 5 i i(d i [SZ j ,$ b ] + [SZi,Df $ b ] + [A\, [5Z 3 ,<S> b ]]) , (7.13) 



K 21 (m)i = -xi(m,Df^ b ] + {<t> b ,Dfs*}) 



lA b ^fci , f^b D A b 
o 

(1 - xW b m (^ k x k Tj + Z b ) , (7.14) 
K 22 {5Z) t = <5 fe '(a fe ([^,^] + [AlSZi]) + [6Z k ,F£] + [A b ,SF lt 

- x [$ b , [S^, $ b ]] - ((|$ b | 2 - 1) - X i|<fT)^ , (7-15) 

*F H = diSZi - diSZt + [6Z h A b ] + [A\, SZi] ■ 

Since A : U 2,p — > is an isomorphism (see proposition 14. 1[) . it follows from 
the structure of the (|7.10p that DSo(il&, Z 6 ) will be an isomorphism provided 
that 

'A -22^1 \ / X 12 ^ 

A- 1/1^21 #22, 



and 



5 := 

is an isomorphism. Let 



K=\ ° K ^ 2 

, K 2 \ K 22 
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Then the weighted Rellich-Kondrachov theorems (see lemma 15751 and lemma 2.1 
of [5]), lemma [3791 theorem 1.2 (iv) of [1], and the inclusion (]3.7|) shows that map 
K :H^' P x Af^ p — > Hg' p 2 x A a ^ p is compact. As the Index of a operator is preserved 
under compact perturbations, we get 

Index(S) = (7.16) 

by propositions 14.21 and 14.51 Thus if we can establish that S is injective then the 
proof will be complete. 

Lemma 7.2. 

Kcr(S) = 

Proof. We first consider the YMH Lagrangian 

L(* t Z)= [ ±5 ik 5v(F&\Ffi) +Sv(Df<S>\Df$)d 3 x. (7.17) 

where A = Y + Z and <f> = £1 + as above. Since p > 6 and — 1 < 5 < — 3/p, we 
get from (|6.7p . Q6.8[l . theorem 2.1 (i) of [1] and the multiplication lemma [5751 that 
the map 

Hl'xAp - W°f_ 2 (K 3 ) C ^(R 3 ) : (*, Z) - |^<J^|J^)+^(£^$|£^*) 

is analytic. Consequently the Lagrangian (|7. 1 7[) defines analytic map from Tlg' p x 
to M. Differentiating (|77T7|) yields 

£)L(*, Z) • (5*, <5Z) = / 8 ik 8 ij {F^\d 3 8Z k - d k 8Zj + [8Zj,A k ] + [A,, 6Z k })d 3 x 




= - [ 28 tk 5 3l {D?F k] - [$, Df$\\5Zi) + 2S ij (DfDf $\SV)d 3 x 

J M3 O J O J 

where in deriving the last inequality we used integration by parts. A similar cal- 
culation shows that the second derivative evaluated on the diagonal is 

D 2 L(V,Z)- ((5%8Z),(5%8Z)) =-2 / S^(L 2 (9, Z) • (59, 5Z)i\5Zj) 

,/R 3 

+ (Li(#,Z) ■ (S9,SZ)\S9)d s x (7.18) 

where 

Li(*,Z) • (89, 5Z) = 8^(D?(Df89+[8Z t ^]) + [SZ u Df^ , (7.19) 

L 2 (*, Z) • = <5 4fc (£>f (dfc<5Zj - ^JZj + [<5Z fe , A,], [A fe , <SZ,]) + [<5Z i; 

-[*, D;f $] - [$, Z^ 1 * + [<5Z 7 -, $]] . (7.20) 
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Let 

*F A = \& h F* 

be the Hodge dual of F A . Then the Bianchi identities for F A imply that 

8 ij {*F t A + Df $| * Ff + Df^dx 1 A dx 2 A da; 3 - d({<P\F A )dx l A da?) = 
(±5 lk 5^(F A \F A ) + & (Df^Df^dx 1 A dx 2 A dx 3 . 

Therefore the Lagrangian (17.17[) can be written as 

L(*,Z)= / 8 ij (*F. A + D A $\ *Ff+Df$)d 3 x- [ d((<S>\F A )dx i A da?) 

Jr 3 O J R3 

But for (*, Z) e x „4§° we have we have that 



d({<$>\F A )dx l Adx 3 ) = / d((0.\F^)dx i Adx j ) 

JR 3 

- - / ,/( -n\Fjj + [Z h Yj] + [Y h Zj]) + (*\F? + F? + [Z h Yj] + [Y h Z 3 ])dx l A dx') 
= lim / (n\F^)dx l A dx' = 4tt (7.21) 

R ^°°JdB n (0) 



where we have used Stokes' theorem to convert to a surface integral. Using the 
weighted Sobolev inequalities (see theorem 13.71 and theorem 1.2 of [1]), it follows 
from the density of x _Ag° that 

/ d({<S>\F A )dx r A dx 3 ) = 4tt for all Z) e Hf p x A 2 ' p . 
Jr 3 

Thus we have the alternate form for the Lagrangian 

L(9,Z)= [ 5 lj {*F A + D A <$>\ *F A + D A ®)d 3 x-A-K. 
Jr 3 ° ° 

This way of expressing the Yang-Mills- Higgs Lagrangian is well known and leads 
to Bogomol'nyi first order equations. Differentiating the above Lagrangian twice 
and using integration by parts yields 

D 2 L(V,Z)- ((69,8Z),(8V,5Z)) = [ 28 ij (*F A + D A $\Mi(8 i $,8Z)j)+ 

Jm 3 ° 

28 ij {M 2 {V,Z) ■ (8V,8Z)i\M 2 (?,Z) ■ (5V,5Z) 3 ))d 3 x (7.22) 

where 

M x (5*, 8Z) k = e l] k [SZ^ 8Z d \ + 2[5Z k , SV] (7.23) 
M 2 (tf, Z) • (5^, 8Z) k = \^ k {dM, - dj8Zi + [SZi, A,} + [A i: SZ,}) 

+ (D£6* + [6Z k ,$\). (7.24) 
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Now suppose that ($#, SZ) € H^' p x satisfies S(5V, SZ) = 0. Since 5 is an 
elliptic operator with smooth coefficients, elliptic regularity implies that <54' and 
SZ are C°°. Then using (OH and ([72]) (5* and <SZ satisfy 

L 1 (^ b ,Z b ) • ((5*,(5Z) = and J L 2 (* h , Z b ) ■ (5V, 5Z) = . 

Also, we note that & b and A b satisfy the Bogomol'nyi equations 

*Ff +Df$> b = tf/ + iu<£ = 0, rV + w 2 - 1 = 0. 

J Q J 

So we get by ([7T8)) and (|7?22|) that 
yt^diSZj - djSZ, + [SZ,, A b ] + L4 b , 6Zj\) + (Dps* + [5Z k , $ b ]) = . (7.25) 

Letting S^ — ip(r)r~ 1 x k Tk and SZi = z(r)r~ 2 ei J k x k Tj, we can write (|7.25p as 

z' + <j>z + unp = and r 2 ip' + 2wz = , (7.26) 

where w(r) and (j)[r) are given by (|7.6| . Differentiating 1/w times the second 
equation and then using the two equations to eliminate z and z' yields 

(rfy')' + 20rV - 2w 2 ?A = . (7.27) 

Since S^ e C°° n A 2 / (-1 < 5 < 0) we get that = °( r ) as r -> and that 
ip{r) — o(r 5 ) as r — > oo by theorem 1.2 of [1]. Since it; > on [0, oo) the only 
solution satisfying the differential equation (|7.27p and the asymptotic conditions 
is the trivial solution ip = 0. But ?/> = implies that z = and thus = and 
SZ = 0. This establishes that Ker(S) is trivial. □ 

□ 

We can now solve the reduced/modified EYMH equations. 

Theorem 7.3. Suppose p > 6, —1 < S < —3/p and — 1 < // < 0. Then there 
exists a A > and an analytic map 

(-A, A) — iX 2 / x UY x A 2 ? : A — > (il(A), *(A), Z{\)) 

such that (il(0),*(0),Z(0)) = (il 6 ,* b ,Z b ) and S(A,il(A), *(A), Z{\)) = /or all 
A 6 (-A, A). 

Proof. Propositions lG . 51 and 17. 1 1 and the results of section lTTTl allow us to apply the 
analytic version of the implicit function theorem (see [6] theorem 15.3) to reach 
the desired conclusion. □ 
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8 Existence 

We have so far only found a solution to the reduced/modified EYMH equations 
(|2J8| . (|5T|) , and d5T5j) . However, we will now show that the solution obtained in 
theorem O is also a solution to the EYMH equations (|2~2"5)) - (f2~2l))) . 

Proposition 8.1. Suppose p > 6, — 1 < 5 < —3/p, and —l<fi< 0. Let 



A 6 (-A*,A*), (11(A), $(A) = n + *(A),A(A) = Y + Z{\)) solves the YMH 
equations (l2~25l) - (l2~26l) and (*(A), Z{\)) S Wf* p n C 1 x ft 2 ' p n C 2 x A 2 / n C 2 . 

Proof. Fix i? > 0. Then for each A € (—A, A), 11(A) € W 2 ' p (Pr(0), § 3 ), * € 
W 2 ' p (Bfl.(0),su(2)), and Z{\) € W 2 ^(P it (0), su(2) 3 ). To reduce notation we will 
often write IX, and Z instead of 11(A), *(A), and Z(X). Since F and f2 are C°° 
it follows from (|6.14p - (|6.15[) and the Sobolev inequalities that 

Q lJ df^ = f and Q i ^ h l d%Z k = h l 
where f,hi £ W hp (B R {0), su(2)) C C°' 1 - 3 / p ( J B il (0),5u(2)) and 

g 4 fc = (Qikl.j ._ ^ § ik + ^ix^s 1 . - 4A 2 il' fc ^) 

By the weighted Sobolev inequality, [1] theorem 1.2 (v), the embedding Wj' p (R 3 , § 3 ) 
C°' 1_3/p (R 3 ,§ 3 ) is continuous and hence the map (-A, A) -> C°' 1_3/p (R 3 , § 3 ) : 
A i— > U(X) is continuous. Therefore, there exists a A* £ (0, A) such that the opera- 
tors fl u <9 2 and Q^dfj are uniformly elliptic with with coefficients in C°' 1_3 ^ P (R 3 ) 
for all A e [-A*,A*]. By elliptic regularity, Z k € C 2 (B fl (0),SU(2)). As A* is 
independent of R, we get that *(A), Z k {\) € C 2 (R 3 ,su(2)) for all A € (-A*, A*). 

For A > we can, using (|2.6p . recover the metric g a from Hq,^. Since il 6 
W^ P (R 3 ,§), we have by theorem 1.2 (v) of [1] that il Q/3 S C° 4 ~ 3/p (R 3 ) and 
9/ c il a ' 3 € C?^ 3 ' /p (R 3 ). Therefore, in spherical coordinates the metric becomes 

g a pdx a dx 13 = -S{r)N(r)dt 2 + j^yjdr 2 + R{r) 2 (d9 2 + sin 2 6d<p 2 ) , 

where N, S, and R are in C 1 ((0, oo)). But then a straightforward calculation shows 
that for all r € (0, oo) 





(Xi - i)xi v 

P 2 / l 
(Xi - l)xi 

P 2 



sin n + cos (j)T2)d6 

(r3 — cot #(sin 4> t~2 + cos </> n )) d</> = 
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where (•)' = Using this result and the identity (|5.2p which is valid for 

C 1 static spherically symmetric fields, it is clear that (it, ^,Z) satisfy the YMH 
equations. □ 

To complete the existence proof, we now use the following result of Heilig. 

Proposition 8.2. [proposition 6.1, [9]] Suppose — 1 < 5 < 0, p > 3, and A > 0. 

Furthermore, suppose 

T : [0, A] — > W°f 2 (R 3 , § 3 ) n C 1 (M 3 , S 3 ) : A ^ {Tf) 

and 

il: [0,A] -> W 2 ' P (R 3 ,§ 3 ) : A ^ (Uf) 

are two continuous maps such that for every A G [0, A] : (A, it"' 3 , T^) is a solution 
to the reduced field equations \2.1T\ V^T"' 3 — 0, and <9 7 T"^ G B w o, P ^ 3 ^(0,R) for 

some R > independent of X and a, /3, 7. Then there exists a constant A G (0, A] 
sucft iftai = for all A G [0, A]. 

Theorem 8.3. Suppose p > 6, — 1 < S < —3/p, and — 1 < // < 0. Let 

(-A, A) — » x H»* x 4* : A — » (H(A), *(A), Z{X)) 

be the map from theorem | 7. 3\ Then there exists a A* € (0, A] swc/i that for every 
X e (-A*,A*), (il(A),$(A) = n + *(A),A(A) = Y + Z(A)) sofoes tfie £YMff 
equations (EHZJ) - (EHHJ) a™d (EUSJ) - (HHSD . Moreover, (it(A), *(A), Z(X)) G W A 2 ' P n 
C 2 x ft 2 ' p n C 2 x n c-2 y or a ^ A g (_A*, A*). 

Proof. From proposition 18.11 we know that there exist a A* G (0, A] such that 
(il(A), $(A) = n+*(A), A(A) = Y+Z(A)) solves the YMH equations 
andil(A) G C X (R 3 ,§ 3 ) ,tf(A),A fc (A) G C 2 (R 3 ,su(2)) for all A G (-A*,A). It can 
then be checked that the YMH equations imply that V a T a " = is automatically 
satisfied. Therefore, the harmonic equation 

d a ii aP =0 (8.1) 

is satisfied for all A G (—A*, A) by propositions 16.31 and 18.21 So we have shown 
that (il(A),$(A) = O + *(A),A(A) = Y + Z{X)) satisfies the EYMH equations 
([2TT7|) - ([2TT8] and §FI^ - $Z?2ty for all A G (-A*,A). To complete the the proof we 
use (|8.ip to write the reduced equations (|2.18p as 

n"'V; , il" ' = H a ? 

where iT* 3 = -A" 13 - B 01 ? - C a ' 3 + 4nG\Q\T a P . As in proposition O it can 
be shown that there exist a A > such that for all A G (0,A) and R > that 
jja/3 g C ' 1_3 ^(Bfl) and the operator Q^dfj is uniformly elliptic with coefficients 
in C°' 1_3 ^ P (R 3 ). Therefore we conclude via elliptic regularity that it"' 3 G C 2 . □ 
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As the Newtonian solutions (|7.7p and (|7.8p are C°° , we do not have to restrict 
the differentiability to k = 2. All the same arguments go through for k > 2. Then 
using the weighted Sobolev inequalities we get the following result: 

Corollary 8.4. Suppose— 1 < S < 0, and — 1 < fi < 0, < a < 1. Then for any 
integer k > 2 t/iere ercisf a constant A > and an analytic map 

(- A, A) — > C 5 fc ' a (M 3 ,§)xC*^ a (IR 3 ,5u(2))xC^"(M 3 ,su(2) 3 ) : A i— ► (it(A), *(A), Z(A)) 

sucft t/iai /or every \ e (-A, A), (il(A),$(A) = + *(A),A(A) = F+Z(A)) soZwes 
tfie EYMH equations (|2TT7| l -([235] ) and (it(0) = il b , $(0) = A(0) = A b ) . 
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